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The propagation of compaction waves in layered metal foam materials subjected to impact loading is
analysed in order to examine the mechanism of compaction and reveal the phenomena that develop
at the interface between the foam layers. The analysis is focused on double-layered conﬁgurations in
which the individual materials exhibit strain hardening in the quasi-static regime of loading.
Complex patterns of compaction due to impact are revealed depending on the foam quasi-static
stress–strain characteristics, sequence of layers and impact velocity. The compaction of the individual
foam layers under an increasing and decreasing velocity is distinguished. It is established that either a
strong discontinuity wave or a simple compression wave can start propagating from the layers interface
inside the distal layer depending on the material properties. It is shown that a secondary compaction of
the proximal foam layer is possible to occur due to the propagation of the reﬂected wave from the layers
interface when a particular layer sequence is arranged. This can lead to a signiﬁcant stress increase at the
interface.
The present analysis is based on uniaxial models of compaction in which the compacted strains are not
predeﬁned but are obtained as a part of the solution being functions of the velocity variation. The pro-
posed analytical models are veriﬁed by numerical simulations considering aluminium based foam Cymat
with densities 253 and 570 kg/m3 and Alporas with density 245 kg/m3. The inﬂuence of the elastic mate-
rial properties is brieﬂy discussed.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The response of foams with different characteristics to impact
and blast has been studied extensively during the past decade.
The continual interest in the behaviour of cellular materials under
different loading conditions is mainly related to the ability of these
materials to manifest a signiﬁcant increase of strength and energy
absorption when subjected to an intensive dynamic load in com-
parison with their quasi-static response.
The compaction mechanism is the major source of an enhance-
ment of the energy absorption capacity of the foam and therefore
different methods have been proposed in the literature to model
foam compaction. A shock wave propagation model in cellular
materials was proposed by Reid and Peng (1997) to explain the
crush enhancement of wood specimens assuming a rigid per-
fectly-plastic locking (RPPL) mechanism. A thermo-mechanical
approach is used in the formulation of the dynamic compaction
process to provide a ﬁrst-order understanding of two impactscenarios (Tan et al., 2005). Retaining the basic characteristics of
the one dimensional shock wave models, more detailed material
models were used to account for the elastic material properties.
An elastic–plastic model with hardening was proposed by Harrigan
et al. (2005) while an elastic perfectly-plastic-with rigid locking
model was applied by Lopatnikov et al. (2004). Although different
material models were assumed, a predeﬁned strain value associ-
ated with the fully locked material was used. A summary of differ-
ent boundary conditions for a uniaxial foam compaction was
presented by Main and Gazonas (2008).
The widely used RPPL model is appropriate and easy to apply
for the approximation of the stress–strain characteristic of a cellu-
lar material with negligible strain hardening. The densiﬁcation
strain is well deﬁned and the model predicts the response of foam
materials particularly well for high velocity impact. Many cellular
materials, however, exhibit different degree of strain hardening
depending on their topology and density. In order to apply the
RPPL model to these materials different deﬁnitions of the densiﬁ-
cation strain have been proposed based on homogeneous material
properties (Lopatnikov et al., 2004; Tan et al., 2005) and based on
the cellular topology (Hu and Yu, 2010) all of them being used over
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Fig. 1. Stress–strain curves of the examined materials, data for Cymat are taken
from Langdon et al. (2010) and data for Alporas are taken from Pattofatto et al.
(2007).
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event.
However, a full compaction within the primary stress wave can-
not always be achieved in foammaterials exhibiting strain harden-
ing as shown experimentally by Pattofatto et al. (2007). Recently
Tan et al. (2012) reported experimental results on dynamic com-
paction of Duocell foam pointing out the dependence of the maxi-
mum compaction strains on the impact velocity. In order to
analyse the foam compaction under moderate velocity impact, a
uniaxial rigid-linear hardening-locking model was proposed by
Zheng et al. (2012), which can predict compaction strains that
are smaller than the locking strain.
Therefore, the concept of a predeﬁned densiﬁcation strain is not
applicable to the analysis of foam materials with strain hardening
and the application of the RPPL model to approximate the material
properties leads to an overestimation of their energy absorption
capacity. This is particularly true when the applied velocity is a
decreasing function of time (Karagiozova et al., 2012).
Despite the different stress–strain curve approximations, the
pre-deﬁned locking strain is the common characteristic of the
above studies. Differently, a model based on a power-law harden-
ing stress–strain characteristic of the foam was used by Pattofatto
et al. (2007) to estimate the level of compaction strains due to a
constant velocity impact. A more realistic impact scenario when
the velocity decreases with time was analysed by Karagiozova
et al. (2012). The proposed approach allowed determining a non-
uniform strain distribution behind the wave front with sufﬁcient
accuracy. A strong dependence of the strains on the impact velocity
within the compacted regions was revealed. A uniaxial shock mod-
el also using a constitutive relation with plastic hardening for cel-
lular materials was proposed by Zheng et al. (2013) to analyse the
compaction under decreasing velocity. The numerical simulations
using Voronoi open cell material model and closed-cell foam
showed close agreement with the predictions of the analytical
model.
Recently an extensive experimental study of the crushing
behaviour of open-cell Al foam under impact were reported by
Barnes et al. (2014) together with a numerical analysis based on
the foam microstructural model (Gaitanaros and Kyriakides,
2014). It was revealed that the transition to shock is rather gradual
and the foam responds in a quasi-static manner to impact veloci-
ties lower than 40 m/s. This ﬁndings support the conclusion made
by the present authors that the shock wave theory can be applied
only when speciﬁc conditions related to the impact velocity and
material characteristics are met.
In order to broaden the understanding of the dynamic compac-
tion of a particular class of cellular materials (those that can be
considered as homogeneous material with a strictly concave
stress–strain curve), an impact on a stationary foam block by a
deformable low-density projectile was analysed by Karagiozova
et al. (2013) with the emphasis on the history and ﬁnal distribution
of the strains within the compacted zones that develop in the pro-
jectile and stationary foam block.
While the idea of propagating of compaction waves in a single
cellular layer has received considerable attention, the structures
comprising layered cores have been less studied from the view
point of propagation of compaction waves. Theoretical analyses
of double-layer claddings were presented by Ma and Ye (2007)
using the RPPL material approximation and by Karagiozova
(2011) using the actual stress–strain curve for the foam material.
Larger number of experimental tests and numerical simulations
on layered cellular materials has been reported in the literature.
Wang et al. (2009) and Gardner et al. (2012) studied experimen-
tally the dynamic response of three-layer simply-supported sand-
wich beam to a blast loading in order to analyse the effect of the
layer sequence on the midpoint deﬂections. Numerical analysisof piecewise graded foam block subjected to impact was carried
out by several research groups to investigate the compaction of
various cellular topologies (Cui et al., 2009; Rueda et al., 2009;
Zhang and Zhang, 2013; Fan et al., 2013; Maheo and Viot, 2013).
The penetration due to a low velocity impact on sandwich struc-
tures based on cores fabricated by bonding three foam layers with
different density together was studied experimentally and numer-
ically by Zhou et al. (2013).
The reported experimental and numerical studies are mainly fo-
cused on the ﬁnal displacements of the layered structures while
the stress–strain state trough the core and the stress level at the
layers interface are usually outside the scope of these studies.
Whereas the dynamic stress enhancement of various cellular
materials is a positive feature from the view point of energy
absorption, this phenomenon can have a negative effect in layered
structures due to the possibility of signiﬁcant stress enhancement
at the layer interface. In this paper, an impact of a double-layer
foam block on a rigid wall is analysed in order to reveal the phe-
nomena that develop at the layers interface and to broaden the
understanding of the dynamic compaction of foammaterials under
different loading conditions. The proposed analytical formulation
gives a fundamental approach to the interpretation of the propaga-
tion of plastic waves in a given class of low density closed foam
that is difﬁcult to be directly interrogated from the experimental
tests or from numerical analysis. The current analysis emphasises
on the history and ﬁnal distribution of the strains within the com-
pacted zones, which develop in the foam layers. The compaction of
the individual foam layers under an increasing and decreasing
velocity is distinguished. Attention is paid on the stress variation
at the interface between the two materials. Numerical simulations
are carried out to verify the results from the analytical models’
results.
2. Basic equations
No details of the cellular geometry are analysed in the present
study and it is assumed that the class of foam materials can be
modelled as a homogeneous material which exhibits strain hard-
ening. The stress–strain dependencies for the examined foam
materials are characterised by a strictly concave curve which has
a general expression
r ¼ gðeÞ; g00ðeÞ > 0; e > eY ð1Þ
where eY is the strain at yield. Curves in terms of nominal stress and
strain with characteristics deﬁned by Eq. (1) and used in the current
study are presented in Fig. 1. The elastic portion of deformations is
neglected and plastic stresses and strains are taken positive in
compression.
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Fig. 2. (a) A x–t diagram for a right travelling simple wave (example described in
Section 5.2, Fig. 8); (b) The surface dividing the continuum in two regions for the
unloading wave propagation.
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der an impact depending on the velocity history that occurs at
boundary of the body. A simple compression wave starts to prop-
agate under an increasing from zero velocity while a strong discon-
tinuity unloading plastic wave develops under decreasing velocity.
The simple wave can transform into a shock wave for sufﬁciently
high loading velocity.
2.1. Compression under increasing velocity
When a continuously varying stress or particle-velocity history
is imposed on the boundary of a body in a state of uniform deforma-
tion and motion, a simple wave is introduced into the material. If
the boundary loading produces a contraction, a disturbance intro-
duced into the body can propagate as a smoothwave or can become
steeper to form a shock depending on the compression wave speed.
Following (Davison, 2008), let us suppose that the material is
undeformed, unstressed, and at rest in its initial state. The bound-
ary is subject to an imposed velocity history given with f ðtÞ > 0 as
_xBð0; tÞ ¼
0; t < 0
f ðtÞ; 0 6 t 6 tþ
_xþ; t P tþ
8><
>: ð2Þ
where the superscript ‘+’ denotes the quantities ahead of the wave
front, respectively. This boundary condition produces a smooth
compression wave with the Eulerian wave speed, cE which increases
with increasing compression.
On the boundary _x ¼ f ðtÞ for 0 6 t 6 tþ, so that the correspond-
ing displacement is
xBðtÞ ¼
Z t
0
f ðt0Þdt0 for 0 6 t 6 tþ ð3Þ
while the particle velocity on the t characteristic is _x ¼ f ðtÞ. The
density at the boundary for the particular loading case can be ob-
tained from the relationshipZ qðtÞ
q0
cEðq0Þ
q0
dq0 ¼ f ðtÞ: ð4Þ
The integration of this equation must be performed numerically
to obtain qðtÞ. Knowing the values of q and xBðtÞ, the
characteristics
x ¼ ðcEðqÞ þ _xÞðt  tÞ þ xBðtÞ ð5Þ
can be calculated and qðtÞ can be presented as a sequence of den-
sity waveforms illustrating the compression wave propagating in
the analysed type of materials which can lead eventually to the for-
mation of a shock. An example of the characteristic slopes of the
lines with t ¼ const is shown in Fig. 2a where it is evident that they
increase with time which could lead to a shock wave formation
(Davison, 2008).
2.2. Compression under decreasing velocity
Let us consider the case when a foam block is subjected to an
impact with a high initial velocity, which decreases with time. In
this case, a plastic unloading wave starts to propagate if the ap-
plied load causes stresses exceeding the elastic limit of the mate-
rial. This is a wave of strong discontinuity characterised by
discontinuous velocity, stress, strain and density on the wave front
while the particles behind the plastic wave front experience elastic
unloading (Nowacki, 1978). An elastic precursor wave starts to
propagate ahead of the plastic wave front.
Generally, if a plastic unloading wave propagates from region B
(behind the wave front) to region A (ahead of the wave front),
Fig. 2b, the conditions through the front of discontinuity, theconservation of mass and momentum conservation, are (Nowacki,
1978)
qAðG VAÞ ¼ qBðG VBÞ; ðrB  rAÞ ¼ qBðG VBÞðVB  VAÞ
ð6a;bÞ
In Eqs. (6), qA;VA and qB;VB are the characteristic parameters
ahead of and behind the wave front, respectively and G is the speed
of the wave front.
Since the elastic strains are much smaller than the plastic
strains due to compaction, the elastic strains in the deformed foam
material behind the front of the unloading wave can be neglected
and a rigid unloading can be assumed. The continuity equation in
the region of unloading (along the coordinate n) is formulated as
dqB=dt ¼ qBdV=dn ð7Þ
which leads to dV=dn ¼ 0 behind the wave front thus deﬁning a rigid
body motion of the compacted region. The particle velocity, V , is
independent of t and equal to the particle velocity of the wave front.3. Analytical models for a double-layer foam block
Consider a double-layer foam block impacting a rigid wall in
normal direction at initial velocity V0. Two layer arrangements
with considerably different densities, q0 ¼ 253 and 570 kg/m3
(Fig. 1) are analysed. In the ﬁrst scenario, a foam layer comprising
a low density foam, called further a ‘soft’ foam layer (Cymat1), with
thickness L2 is placed at the proximal end (in contact with the
wall). Higher density foam, called further a ‘hard’ foam layer (Cym-
at2), with thickness L1 is placed at the distal end as shown in
Fig. 3a. In the second scenario (Fig. 3b), a ‘soft’ layer with thickness
L1 is placed at the distal end while a ‘hard’ layer with thickness L2 is
placed at the proximal end. It is assumed that the two foam layers
having different densities are perfectly bonded. The deformations
of the constituent layers are calculated from the displacement of
the free end of the foam block, u1, and displacement u2 of the
(a) (b)
(c)
Fig. 3. A double-layer foam block impacting a rigid wall; (a) Scenario 1: a low density foam layer placed at the proximal end of the block; (b) Scenario 2: a low density foam
layer placed at the distal end of the block; (c) difference between the last phases of Scenarios 1 and 3 (t > t2).
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sity and consequently the foam strength, different patterns of
block compaction can develop. Analytical models for the two im-
pact scenarios are presented below.
3.1. ‘Soft’ foam layer placed at the proximal end of the block (Scenario 1)
3.1.1. Deformation Phase 1
Since the initial high velocity of compaction decreases with
time during the impact event, a compaction wave in the form of
a plastic unloading wave starts to propagate in the proximal layer
after the initial contact between the foam block and wall. The char-
acteristic variables just behind (B) and ahead (A) of the wave front
in this layer are respectively
V2B ¼ 0; e2B ¼ e2ðtÞ; r2B ¼ rd2ðtÞ; q2B ¼ q20=ð1 e2Þ; ð8a-dÞ
V2A ¼ V2ðtÞ; e2A ¼ e2Y ; r2A ¼ rqs2 ¼ r2Y ;
q2A ¼ q20=ð1 e2YÞ  q20 ð9a-dÞ
where r2Y and rd2 are the yield stress and dynamic stress of the
proximal layer taken positive in compression, e2Y and e2 are the cor-
responding strains. A compacted region with thickness h2 forms in
the proximal foam layer while the distal layer remains undeformed
due to the higher strength and moves at velocity V1ðtÞ ¼ V2ðtÞ. This
phase of deformation continues until time t ¼ t1 when the compac-
tion wave in the proximal layer reaches the interface between the
layers.
Taking into account the mass conservation law within the com-
pacted region h2ðtÞ, the mass per unit area of the compacted region
with non-uniform density can be expressed as a function of the ini-
tial foam density of the proximal layer q20, asZ h2ðtÞ
0
q2ðfÞdf ¼ q20ðh2ðtÞ þ u2ðtÞÞ ð10Þ
where u2 is the displacements of the layers interface (Fig. 3a).During the time interval 0 6 t 6 t1 (Phase 1) the following
equations of motion with respect to V2ðtÞ, h2ðtÞ and u2ðtÞ are
obtained
dV2
dt
¼  rY2fq10L1 þ q20L2  q20ðu2 þ h2Þg
; ð11aÞ
dh2
dt
¼ G2ð½e2ðV2ÞÞ; G2ðeÞ ¼ ½V2ð1 ½e2Þ=½e2; du2dt ¼ V2
ð11b-dÞ
where G2 is the speed of the compaction wave in the proximal layer
and the strain jump on the wave front is a function of the corre-
sponding velocity jump, which varies with time and wave front po-
sition along the x axis. Eqs. (11) are solved with initial conditions
V2ð0Þ ¼ V0; h2ð0Þ ¼ 0; u2ð0Þ ¼ 0 ð12a-cÞ3.1.2. Deformation Phase 2
The second phase of the foam block compaction commences at
t ¼ t1 when new compaction waves can start to propagate from the
interface in opposite directions at speeds G1 and G2 in the distal
and proximal layer, respectively. At this time instance, the thick-
ness of the proximal layer is h2ðt1Þ. It can be shown that the strains
e2ðh2Þ at t ¼ t1 vary insigniﬁcantly but they depend on the applied
velocity (Karagiozova et al., 2012).
A compacted region with thickness h1 forms in the distal
layer while a secondary compaction occurs in the proximal layer
for t P t1. Note that the initial thickness of the proximal layer
during the second phase of deformation is L2 ¼ h2ðt1Þ and it
depends on the deformation history during Phase 1. In order
to facilitate the analytical solution it is anticipated that the
proximal layer is a cellular solid with a uniform initial density
q20 ¼ q20=ð1 e2ðt1ÞÞ.
The ‘new’ material of the proximal layer has a yield stress
r2Y ¼ r2ðt1Þ: The assumption of rigid unloading (Eq. (7)) implies
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in the two layers move at a common velocity V2ðtÞ. The unde-
formed part of the distal layer moves at velocity V1ðtÞ while the
part of the proximal layer ahead of the secondary compaction wave
is at rest. The characteristic variables just behind and ahead of the
wave front in the distal layer (Fig. 3a) are respectively
V1B ¼ V2; e1B ¼ e1ðtÞ; r1B ¼ rd1ðtÞ; q1B ¼ q10=ð1 e1Þ
ð13a-dÞ
V1A ¼ V1; e1A ¼ e1Y ; r1A ¼ r1Y ; q1A ¼ q10=ð1 eY1Þ  q10
ð14a-dÞ
The characteristic variables just behind and ahead of the sec-
ondary compaction wave front in the proximal layer are
V2B ¼ V2; e2B ¼ e2; r2B ¼ rd

2 ; q2B ¼ q20=ð1 e2Þ ð15a-dÞ
V2A ¼ V2Y ; e2A ¼ e2Y ; r2A ¼ r2Y ; q2A ¼ q20=ð1 e2YÞ  q20
ð16a-dÞ
where V2Y ¼ r2Y=ðq20c20Þ, c20 is the elastic wave speed; r1Y and r2Y
are the yield stresses in the distal and proximal layer, rd1 and rd2 are
the corresponding dynamic stresses; e2 is the plastic strain in the
secondary compaction where e2ðt1Þ ¼ 0. The superscript ‘⁄’ is
referred to the characteristics of the ‘new’ material resulted from
the initial compaction of the proximal layer during the ﬁrst
deformation phase. In Eqs. (13)–(16) the strain jumps on the
wave fronts are functions of the corresponding velocity jumps,
½e1 ¼ e1ð½V 1Þ ¼ e1ð½V1  V2Þ, ½e2 ¼ e2ð½V2Þ and they vary with time
and wave front position along the x axis.
The stress jump on the wave front in the distal layer is obtained
from Eq. (6b) as
rd1 ¼ r1Y þ q10ðV1  V2Þ2=e1 ð17Þ
while the speed of the compaction wave relative to the layers inter-
face G1 is deﬁned as
G1 ¼ ðV1  V2Þð1 e1Þ=e1 ð18Þ
The speed of the compaction wave in the proximal layer and
corresponding stress jump are obtained as
G2 ¼ V2=e2; rd2 ¼ r2Y þ q20V22=e2 ð19a;bÞ
when using Eqs. (6a) and (6b) together with Eqs. (15a)–(15d) and
(16a)–(16b).
Taking into account the mass conservation law within the com-
pacted regions h1ðtÞ and h2ðtÞ, the mass per unit area of the com-
pacted regions with non-uniform density can be expressed as
functions of the corresponding initial density of the foam layers
q10 and q20 asZ h1ðtÞ
0
q1ðfÞdf ¼ q10ðh1ðtÞ þ u1ðtÞ  u2ðtÞÞ;Z h2ðtÞ
0
q2ðfÞdf ¼ q20ðh2ðtÞ þ u2ðtÞÞ ð20a;bÞ
where u1 and u2 are the displacements of the free end of the foam
block and displacement of the layers interface during the second
phase of deformation, respectively (Fig. 3a).
It is assumed that at t ¼ t1, the contact forces per unit area at
the interface are equal and they are larger than the yield stress
of both materials, so that rd2 ðt1Þ ¼ rd1ðt1Þ. Therefore, the initial va-
lue of the velocity V2ðt1Þ for deformation Phase 2 is obtained from
the equation
rY2 þ q02
V2ðt1Þ2
e2ðV2ðt1ÞÞ
¼ rY1 þ q01
ðV1ðt1Þ  V2ðt1ÞÞ2
e1ðV1ðt1Þ  V2ðt1ÞÞ ð21ÞVelocities V1ðtÞ and V2ðtÞ decrease with time due to the energy
absorbed by the foam. After time t, the compaction waves have
travelled distances h1ðtÞ and h2ðtÞ within the distal and proximal
layer, respectively. This phase of deformation continues until
t ¼ t2 when the compaction of the distal layer ends, V1ðt2Þ becomes
equal to V2ðt2Þ and the distal layer together with the compacted
part of the proximal layer continue to move as a rigid body at
velocity V2ðtÞ thus deforming further the proximal layer.
Assuming that the interfacial pressure between the distal and
proximal foam layer is p, during the time period, t1 6 t 6 t2, the
common velocity V2ðt1Þ can be obtained from the equations
q20ðh2 þ u2Þ _V2 ¼ p rd1; q10ðh1 þ u1  u2Þ _V2 ¼ rd

1  p ð22a;bÞ
The conservation of momentum with respect to the distal layer
leads to
d
dt
ðV1  V2Þ ¼  rY1q10fL1  ðh1 þ u1  u2Þg
ð23Þ
Using the Eqs. (17), (19b), (21) and (23) the following equations
of motion with respect to V1ðtÞ, V2ðtÞ, h1ðtÞ, h2ðtÞ, u1ðtÞ and u2ðtÞ for
t1 6 t 6 t2 are obtained
dV1
dt
¼  r1Y
q10fL1  ðh1 þ u1  u2Þg
þ _V2;
dV2
dt
¼ r
d
1  rd

2
q10ðh1 þ u1  u2Þ þ q20ðh2 þ u2Þ
ð24a;bÞ
dh1
dt
¼ G1ðe1ðV1  V2ÞÞ; dh

2
dt
¼ G2ðe2ðV2ÞÞ  V2;
du1
dt
¼ V1ðtÞ; du

2
dt
¼ V2ðtÞ ð24c-fÞ
where rd1, rd

2 , G1 and G

2 are deﬁned by Eqs. (17), (19b), (18) and
(19a), respectively. The initial conditions for Eqs. (24) are
V1 ¼ V1ðt1Þ; V2ðt1Þ ¼ f ðV1ðt1ÞÞ; h1ðt1Þ ¼ h2ðt1Þ ¼ 0;
u1ðt1Þ ¼ u2ðt1Þ ¼ 0 ð25e-eÞ
where f ðV1ðt1ÞÞ is obtained from Eq. (21) for the particular charac-
teristics of the foam layers at t ¼ t1.
3.1.3. Deformation Phase 3
The equations of motion during the third phase of deformation
(t P t2) are obtained with respect to the velocity V2, thickness of
the of the compacted zone, h2, and displacement, u

2, of the layers
interface as (Karagiozova et al., 2012)
dV2
dt
¼ r2Y þq20
V22
½e2ðV2Þ
" #
1
fq10L1þq20ðu2þh2Þg
;
dh2
dt
¼G2ð½e2ðV2ÞÞV2ðtÞ; G2ðe2Þ¼ ½V2=½e2;
du2
dt
¼V2ðtÞ ð26a-dÞ
The initial conditions for Eqs. (26) are
V2ðt2Þ ¼ V1ðt2Þ; h2ðt2Þ ¼ h2; u2ðt2Þ ¼ u2 ð27Þ
where h2 and u

2 are the thickness of the compacted zone in the
proximal layer and displacement at the layers interface attained
at the end of the second phase of deformation. The displacement
of the free end of the foam block for t P t2 is
u1ðtÞ ¼ u2ðtÞ þ ðu1ðt2Þ  u2ðtÞÞ ð28Þ3.2. ‘Soft’ foam layer placed at the distal end of the block (Scenario 2)
3.2.1. Deformation Phase 1
Similarly to Scenario 1, an unloading plastic wave starts to
propagate from the impacted end inside the proximal layer. A
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ahead of the unloading wave along the entire thickness of the prox-
imal layer sincenoelasticmaterial properties are taken into account.
In this scenario however, the higher quasi-static stress (r2Y > r1Y )
applied to the distal layer causes compression and gradual increase
of thedensity (strains),whichpropagates along this layer. The veloc-
ities of the free end of the block,V1, and the interface velocity,V2, are
no longer equal. Thedifferencebetween these velocities,V1  V2, in-
creases gradually from zero at t ¼ 0 thus constituting a compaction
of the distal layer under an increasing velocity. Consequently, at
t ¼ 0 compaction waves start to propagate simultaneously from
the impacted end inside the higher density proximal layer in the
formof a strong discontinuitywave and from the layers interface in-
side thedistal foam layer in the forma simple compressionwavedue
to the lower strength of the later layer, r2Y > r1Y .
Let us assume that the time for propagation of the primary com-
paction wave in the proximal foam layer with thickness L2 (Fig. 3b)
is t1. The characteristic variables just behind and in front of the
wave front in this layer are deﬁned by Eqs. (8) and (9). The equa-
tions of motion of the double-layer foam block during the time
interval 0 6 t 6 t1 are obtained with respect to the velocities V1
and V2, thickness of the compacted zone in the proximal layer,
h2, displacements u2 and u3 ¼ u1  u2, the later being the relative
displacement of the distal layer, asdV1
dt
¼ r02½ðV1 þ V2Þcpt=6þ u3KðtÞ=q10=½q20ðL2  ðu2 þ h2  u3ÞÞ þ ½ðV
2
1=4 V1V2=6Þ  V22=12cp
ðV1L1  cptV3=2Þ þ V2cpt þ u3KðtÞ=q10
ð29aÞ
1 This assumption is valid for relatively thin proximal layer and sufﬁciently thick
distal layer.dV2
dt
¼  r2Y
q20½L2  ðu2 þ h2  u3Þ
ð29bÞ
dh2
dt
¼ G2ð½e2ðV2ÞÞ; G2ðe2Þ ¼ V2ð1 e2Þ=½e2; ð29c;dÞ
du1
dt
¼ V1ðtÞ; du3dt ¼ V1ðtÞ  V2ðtÞ ð29e; fÞ
The derivation of Eq. (29a) for a particular material of the distal
layer is given in the Appendix A; KðtÞ ¼ acðb=aÞcð1þ ðV1  V2Þ
ðb=aÞÞðc1Þ when taking into account the expression rintðtÞc ¼
ðaþ bðV1  V2ÞÞc for Cymat with density q20 = 253 kg/m3 (see
Table 5). In Eqs. (29), rY2 is the yield stresses of the proximal foam
layer material, rint is the stress at the interface at the side of the
distal block, which increases due to the deceleration of the
proximal foam block.
The stress rint is obtained via Eq. (4) which provides a relation-
ship between the density (and strain) and loading velocity at the
interface as
V intðtÞ ¼
Z qint
q01
cLðq0Þ
q0
dq0 ð30Þ
Knowing the current density, qint1 , the current strain at the inter-
face at the side of the distal layer is expressed as eint1 ¼ 1 q10=qint1 .
The relative interface velocity, V intðtÞ ¼ V1ðtÞ  V2ðtÞ, can be ob-
tained as a function of the compaction strain as V intðtÞ ¼ F 1ðeint1 Þ.
The latter relationship can be inverted to obtain eint1 ðV1  V2Þ ¼
F eðV intðtÞÞ and consequently
rintðeint1 Þ ¼ rintðF eÞ ¼ FrðV intðtÞÞ ð31Þ
The stress deﬁned by Eq. (31) is used in Eq. (29a). Eqs. (29) are
solved numerically with initial conditionsV1ð0Þ ¼ V0; V2ð0Þ ¼ V0; h2ð0Þ ¼ 0; u1ð0Þ ¼ 0; u3ð0Þ ¼ 0
ð32a-eÞ
The strain distributions at different time instances inside the
compacted zone of the distal layer adjacent to the interface can
be obtained according to Eqs. (3)–(5).
3.2.2. Deformation Phase 2
At t ¼ t1 the compaction wave in the proximal foam layer
reaches the interface between the two foam materials. Assuming
that the thickness of the compacted foam part in the distal layer
adjacent to the interface is small, in comparison with the total
layer thickness, this compacted part with a highly non-linear den-
sity can be disregarded.1 Then for t > t1 the distal layer does not de-
form further as a higher strength was attained during the ﬁrst phase
of deformation. A compaction wave propagates only through the dis-
tal foam layer forming a compaction zone with thickness h1. The
characteristic variables just behind and ahead of the wave front in
this layer are respectively.
V1B ¼ 0; e1B ¼ e1ðtÞ; r1B ¼ rd1ðtÞ; q1B ¼ q10=ð1 e1Þ
ð33a-dÞ
V1A ¼ V1ðtÞ; e1A ¼ e1Y ; r1A ¼ rqs1 ¼ r1Y ;
q1A ¼ q10=ð1 e1Y Þ  q10 ð34a-dÞThe equations of motion with respect to V1 and h1 become
dV1
dt
¼  r1YfL1  ðu1 þ h1  u1Þgq10
;
dh1
dt
¼ G1ð½e1ðV1ÞÞ; G1ðe1Þ ¼ ½V1=½e1; du1dt ¼ V1ðtÞ ð35a-dÞ
where G1 is the wave propagation speed. Equations (35) are solved
numerically with initial conditions
V1ðt1Þ ¼ V1ðt1Þ; h1ðt1Þ ¼ 0; u1ðt1Þ ¼ u1 ð36a-cÞ
where u1 is the value obtained at t ¼ t1 according to Eqs. (29).
One can see that Eqs. (11), (24), (26), (29) and (35) are implicit
with respect to V1 and V2 due to the strains dependence on these
velocities so that the solution of the above equations would require
an iterative procedure. Nevertheless, a simpliﬁed approach was
successfully applied by Karagiozova et al. (2012) to solve similar
equations taking into account the unique relationship between
the strains and stresses of the analysed materials. The velocity
jumps on the wave fronts in the distal and proximal foam layers
½V 1 and ½V 2, respectively can be obtained from the corresponding
equations as
½V g ¼ ð½rg½eg=q0gÞ1=2 ð37aÞ
where the subscript g stands for layers 1 and 2. Making use of the
unique stress–strain relationships of the foam materials, the
functions ½V g ¼ FVgðegÞ given by Eq. (37) can be inverted to give
e1 ¼ e1ð½V 1Þ, e2 ¼ e2ð½V 2Þ and e2 ¼ e2ð½V 2Þ, or
½eg ¼ Fegð½V gÞ: ð37bÞ
Table 1
Coefﬁcients related to the primary compaction of the examined foam
materials deﬁned by Eq. (37b): ½eg ¼ Fegð½V gÞ ¼ ag expðbg ½V gÞ þ cg expðdg ½V gÞ þ eg
expðfg½V gÞ þ gg .
Alporas q0 = 245
kg/m3
Cymat1 q0 = 253
kg/m3
Cymat2 q0 = 570
kg/m3
a 8.03595e1 3.04568e+1 3.79094
b (s m1) 3.22329e4 5.89877e2 7.79516e2
c 2.60632e1 3.07681e+1 3.90185
d (s m1) 1.27286e1 5.85293e2 7.68194e2
e 5.58471e1 6.08614e1 7.03149e1
f (s m1) 1.89327e1 6.61025e3 7.05050e3
g 0.0 9.22978e1 8.13878e1
Table 2
Coefﬁcients related to the secondary compaction of Cymat1 (rY = 3.6 MPa,
q0 = 576.7 kg/m
3) deﬁned by Eq. (37b): ½e2 ¼ Feð½V 2Þ ¼ b ðb aÞ expðcð½V 2ÞdÞ.
a b c d [m/s]1
1.759004e3 3.704993e1 1.465677e2 9.705149e1
Table 3
Coefﬁcients related to the secondary compaction of Cymat1 (rY = 2.12 MPa,
q0 = 468.52 kg/m
3) deﬁned by Eq. (37b): ½e2 ¼ Feð½V 2Þ ¼ að½V 2Þb expð½V 2=cÞ.
a [m/s]1 b c [m/s]1
1.001936e2  8.292984e1 3.039363e+2
Table 4
Coefﬁcients related to the secondary compaction of Alporas (rY = 3.02 MPa,
q0 = 710.4 kg/m
3) deﬁned by Eq. (37b): ½e2 ¼ Feð½V 2Þ ¼ aþ b½V 2 þ cð½V 2Þ2þ dð½V 2Þ3.
a b [m/s]1 c [m/s]2 d [m/s]3
1.175246e3 7.589073e3 1.053345e4 5.939353e7
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(35) to facilitate explicit expressions in these equations with re-
spect to V1 and V2. The functions and corresponding coefﬁcients
used in the above equations are listed in Table 1 for the primary
compaction of the examined materials and in Tables 2–4 for the
secondary compaction of Cymat1 and Alporas. The relationship
½eg ¼ Fegð½V gÞ can be obtained in an analytical form if the material
stress–strain relationship can be approximated by analytical
functions.
3.3. Foam layers with similar densities (Scenario 3)
Foam materials with similar densities can exhibit different de-
gree of strain hardening as shown in Fig. 1 for Alporas and the
low density Cymat. If these materials comprise a two-layered foam
block it is possible that a secondary compaction in one of the layers
will occur for certain layers arrangement and impact velocities. In
this case, a stress increase at the interface between the layers can
also be observed. The phenomenon of secondary compaction is
governed by the different levels of compacted strains and dynamic
stresses which are velocity dependent and develop at the layer
interface.
Let us consider a layered conﬁguration where Cymat1
(q0 = 253 kg/m
3) with thickness L2 is placed at the proximal end
and an Alporas layer (q0 = 245 kg/m
3) with thickness L1 is placed
at the distal end. Note that the quasi-static yield stress of Alporas
is higher than the corresponding characteristic of Cymat1 so that
the initial deformation of this layered conﬁguration due to an
impact will develop according to Scenario 1 until the primarycompaction wave, which propagates from the impacted end,
reaches the foam interface at t ¼ t1. The second phase of deforma-
tion can develop either following Scenario 1 or 2 depending on the
corresponding dynamic stress enhancements in the two materials.
Note that strain hardening of Cymat1 is considerably larger than
the Alporas strain hardening deﬁning a larger strength of Cymat1
at large strains.
Let us assume that the velocity of the distal foam layer when
the compaction wave in the proximal layer reaches the interface
at t ¼ t1 is V1ðt1Þ ¼ V. If the dynamic stress rdCymatðt1Þ >
rdAlporasðVÞ, the Cymat1 layer will not deform further and a second-
ary compaction will not occur in this layer.
The foam compaction will develop only in the Alporas layer as
described in Scenario 2 during Phase 2.
Differently, a simultaneous compaction in both layers can de-
velop during t1 < t < t2 if rdCymatðt1Þ < rdAlporasðVÞ and the deforma-
tion of the layered block will develop according to the model
deﬁned for Scenario 1, Phase 2. However, a different foam response
can be observed for t > t2 in contrast to the last phase of Scenario
1. Due to the higher strain hardening of Cymat1 the simultaneous
compactions of the two layers can cease when the Cymat foam
(proximal layer) stops to deform at t ¼ t2. Thereafter only a com-
paction of distal layer (made of Alporas) develops. The deformation
of the distal layer is governed by the equations
dV1
dt
¼  r1Yfq10L1  q10ðu1 þ h1Þg
;
dh1
dt
¼ G1ð½e1ðV1ÞÞ;
G1ðeÞ ¼ ½V1ð1 ½e1Þ=½e1; du1dt ¼ V1 ð38a-dÞ
with initial conditions for this phase
V1ð0Þ ¼ Vðt2Þ; h1ð0Þ ¼ h1ðt2Þ; u1ð0Þ ¼ u1ðt2Þ ð39a-cÞ
where Vðt2Þ; h1ðt2Þ; ðt2Þ are the values gained at the end of Phase 2.
A conceptual difference between Phase 3 in Scenario 1 and Phase 3
in Scenario 3 is shown in Fig. 3c.
The systems of ordinary differential equations describing the
propagation of compaction waves in the bi-layered blocks are
solved numerically using Maple 17 (Maple User Manual, 1996).4. Numerical model
Numerical simulations are carried out to verify the one-dimen-
sional models of foam compaction. The compaction of a double-
layer block with diameter 0.1 m comprising layers with different
thicknesses and impacting a rigid wall is analysed. Different com-
binations of 0.0222 m, 0.05 m and 0.15 m thick layers are consid-
ered. An initial impact velocity V0 is prescribed to the entire
double layer block. Due to the symmetry of the problem a quarter
f the foam block is modelled. The velocities V1ðtÞ, V2ðtÞ and
corresponding displacements u1ðtÞ, u2ðtÞ are recorded at the free
end of the block and at the interface between the foam layers,
respectively.
The crushable foam model with volumetric hardening available
in ABAQUS/Explicit (ABAQUS 6.11) was used for the foams. In this
model, the yield surface evolves in a self-similar fashion and the
shape factor a is computed using the initial yield stress in uniaxial
compression, r0c ¼ rY , the initial yield stress in hydrostatic
compression, p0c , and the yield strength in hydrostatic tension, pt:
a ¼ 3k=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3kt þ kÞð3 kÞ
q
; k ¼ r0c=p0c ; kt ¼ pt=p0c ð40Þ
Tensile data for Cymat foams reported by Ruan et al. (2002)
showed that the maximum tensile strength of this material was
similar to the initial compression strength, so that values of
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GPa is used in the simulation to diminish the inﬂuence of the
elastic deformations.
Solid elements were used to model the foam when an
automatic meshing was applied in the (y,z) plane with a maximum
element length equal to the element thickness in the x direction.
The mesh sensitivity analysis was carried out with respect of the
variation of the distances of propagation of the compaction waves,
thicknesses of the compacted zones, h1ðtÞ and h2ðtÞ, longitudinal
displacements, u1ðtÞ and u2ðtÞ, and nominal strains. It was estab-
lished that the mesh reﬁnement with element thickness smaller
than 2 mm has only a marginal effect on the analysed variables.
Elements with thickness of 1.5 mm in the x-direction were used
in the present analysis.
5. Results and discussion
5.1. Scenario 1
An analysis is carried out of the impact of a double-layer foam
block when the high density foam layer is placed at the distal end
as shown in Fig. 3a. The proximal layer is 0.15 m thick and it ismade
of Cymat1 (q0 = 253 kg/m
3) while a 0.0222 m thick layer made of
Cymat2 foam (570 kg/m3) is placed at the distal end of the block.
The foam block is impacting a rigid wall at initial velocity
V0 = 100 m/s. The velocity attenuation due to the energy absorption
is shown in Fig. 4a where the thick lines correspond to the analyt-
ical model predictions and the thin lines represent the numerical
simulations. During the ﬁrst phase of deformation, 0 6 t 6 t1, com-
paction occurs only in the proximal layer while the higher density
distal layer moves as a rigid body attached to the proximal one.
Therefore, the velocity of the free end, V1, and velocity of the layer
interface, V2, are equal. At t ¼ t1 = 0.95  103 s the compaction
wave in the proximal layer reaches the layer interface. Strains be-
tween e2;MAX = 0.613 at t = 0 and e2ðt1Þ = 0.576 occur in the com-
pacted zone with thickness h2ðt1Þ = 57.63 mm (Fig. 4b).
The second deformation phase commences at t ¼ t1 when two
compaction waves start to propagate from the interface in opposite
directions in the two layers. Due to the small variation of the
strains within the compacted zone a uniform density, q20, of the
proximal layer can be anticipated at the beginning of this phase.
The assumption of a rigid unloading allows anticipating that the
material of the proximal layer, which experience a secondary com-
paction, is at rest at t ¼ t1. In order to facilitate the analytical
formulation the density within the compacted region h2 at t ¼ t1
is assumed uniform as q20 ¼ q20=ð1 e2ðt1ÞÞ = 596.7 kg/m3. The
stress–strain curve, with initial strength rCymat1ðt1Þ = 3.93 MPa,
which characterises the material with density q20 used for t > t1,
is shown in Fig. 5. The initial value of the velocity at the interface
according to Eq. (21) is V2ðt1Þ = 28.56 m/s. Velocities V1ðtÞ and
V2ðtÞ decrease during this phase, which lasts until these velocities
become equal (V1 ¼ V2 = 15.53 m/s) at t ¼ t2 = 1.08  103 s
(Fig. 4a).
The third phase of deformation commences at t = 1.08  103 s
when the distal foam layer has stopped to deform but the remain-
ing kinetic energy is absorbed by the further compaction of the
proximal layer. The strain distributions at the end of Phase 1 and
ﬁnal distributions of the strains in the compacted zones of the
two layers predicted by the analytical model are compared with
the numerical results in Fig. 4b where a reasonable agreement is
observed. A further shortening of the initially compacted proximal
layer occurs during the second deformation phase. The secondary
compaction of the proximal layer, which develops from the inter-
face towards the rigid wall, is well distinguished. Note that the
dashed line represents the constant strain level of the proximal
layer used in the analytical calculations during Phases 2 and 3.
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compaction predicted by the analytical model are obtained from
the foam stress–strain relationship and presented in Fig. 4c for
the impact scenario 1 with initial velocity V0 = 100 m/s. It is
evident that an initial stress enhancement reaching 4.66 MPa
occurs at the t = 0 in the foam layer, which is in contact with the
rigid wall, but signiﬁcantly higher stress of 7.67 MPa develops at
the layers interface due to the secondary compaction.
The deformation of a two-layer foam block comprising 0.15 m
thick proximal layer made of Alporas foam and 0.0222 m thick dis-
tal layer made of Cymat2 is studied next for initial velocity
V0 = 100 m/s. It appears that for these layers’ properties, the entire
impact energy is absorbed within the proximal layer before the
compaction wave has reached the layer interface. The reason for
this response is the considerably lower compaction velocity
developed in Alporas in comparison with Cymat1 discussed in
the previous example.
Illustrations of the ﬁnal strain distributions for the two dis-
cussed examples are presented in Fig. 6a and b. Deformations in
both foam layers are evident in Fig. 6a where the secondary
compaction of the proximal layer near the interface is well distin-
guished. A compaction only in the proximal layer of the block
containing Alporas foam is evident in Fig. 6b.
A sufﬁciently higher impact velocity can cause a secondary
compaction in the Alporas proximal layer. An example of a
135 m/s impact is presented in Fig. 7a–c. The three phases of defor-
mation can be identiﬁed by the velocity time histories shown in
Fig. 7a. In this example, the compacted strains eðh2Þ at the end
t ¼ t1 vary more notably in comparison with the example
presented in Fig. 4. Nevertheless, the same assumption of a uni-
form compression within the proximal layer with thickness
h2ðt1Þ at t ¼ t1 is assumed. The density at t ¼ t1 is obtained as
q20 ¼ q20=ð1 e2ðt1ÞÞ = 710.4 kg/m3. The stress–strain curve,
which is used to calculate the response during the second deforma-
tion phase, t1 < t 6 t2, is shown in Fig. 5. The strain distributions at
the end of Phase 1 and ﬁnal distributions of the strains in the com-
pacted zones of the two layers predicted by the analytical model
are compared with the numerical results in Fig. 7b. The thin dashed
line represents the constant strain level used in the analytical
model during Phases 2 and 3. A secondary compaction is well pre-
dicted by the model near the interface. It should be emphasised
that the accuracy of the analytical model decreases with the dis-
tance propagated by the secondary wave as this solution is based
on the minimum density within the thickness h2ðt1Þ. Only the thick
solid lines represent the valid solution of the analytical model.
However, the strain value at the boundary, which is used to
calculate the maximum stress at the interface, is predicted accu-
rately. The maximum stresses, which develop during compaction,
are predicted by the model and shown in Fig. 7c. A stress increase(a) (b)
h1
h*2
Fig. 6. Illustration of the ﬁnal strain distributions for Scenario 1: V0 = 100 m/s, L1 = 0.0222 m, q10 = 570 kg/m
3; (a) L2 = 0.15 m, q20 = 253 kg/m
3 (Cymat1); (b) L2 = 0.15 m,
q20 = 245 kg/m
3 (Alporas).
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at the impacted end.
It appears in the analysed impact scenario that not only the
quasi-static characteristics but the speed of the compaction waves
and the plastic strain history play a key role in the phenomena that
can be observed at the foam interface. The results conﬁrm the
importance of retaining the actual stress–strain relationship in
the analysis, which allows capturing the features at the layer
interface.
5.2. Scenario 2
Representative examples for the second scenario are analysed
for impact velocities of 125 and 75 m/s when the distal layer made
of Cymat1 (q0 = 253 kg/m
3) is 0.15 m thick while the 0.0222 m
thick proximal layer is made of Cymat2 foam (570 kg/m3)
(Fig. 3b). In contrast to Scenario 1, the free end of the layered block
and the layers interface do not move at equal velocities (V1–V2)
during the ﬁrst deformation phase. The higher stress, rY;Cymat2, that
occurs ahead of the wave front in the proximal layer causes a com-
paction of the softer distal layer (Cymat1) in a form of a simple
wave that starts to propagate at t ¼ 0.
The results of an impact with V0 = 125 m/s are shown in Fig. 8.
The particular form of Eq. (31) for this layered conﬁguration is pre-
sented in Table 5. The velocity attenuation predicted by the analyt-
ical model and as a result from the FE numerical simulation is
shown in Fig. 8a. The interface velocity, V2, decreases rapidly and
becomes equal to zero when the compaction wave in the proximal
layer reaches the interface. During this deformation phase,
0 6 t 6 t1, the simple wave propagates a short distance, h1, form-
ing a region with a highly non-linear strain distribution at t ¼ t1
as shown in Fig. 8b. It should be noted that the density within this
wave increases gradually with time as shown in Fig. 8c, which is in
contrast with the wave of strong discontinuity that develops in the
proximal layer and characterised by a rigid unloading behind the
wave front.
Due to the very short distance propagated by the simple wave
in the distal layer (less than 3% of the layer thickness), this zone
is neglected during the analysis of the second phase of deforma-
tion, t > t1, assuming the original thickness L1 of the distal layer.
The high strength induced by the compaction of the proximal layer
during Phase 1 prevents this layer from further compaction during
the second deformation phase. Compaction occurs only in the dis-
tal layer which has originally a lower density.
The ﬁnal strain distributions within the two layers according to
Eqs. (28)–(35) are shown in Fig. 8d where the dotted line shows the
strain distribution at t ¼ t1. The maximum stresses within the
compacted zones h1 and h2 predicted by the analytical model are
shown in Fig. 8e.
The lower velocity impact of V0 = 75 m/s does not change qual-
itatively the response of the double layer block as shown in Fig. 9.
In general, the plastic strains are smaller (Fig. 9a and b) and the dis-
tance propagated by the simple wave in the distal layer is slightly
larger (Fig. 9a). The latter behaviour is a result of the longer initial
phase t1 caused by the lower speed of the propagation of the com-
paction wave in the proximal layer.
Illustrations of the strain distributions within both layers as ob-
tained from the FE numerical simulations at the end of the ﬁrst
deformation phase, t ¼ t1 and ﬁnal stage of deformation are shown
in Fig. 10a and b for impact velocity of 75 m/s. It is evident that a
narrow region within the distal layer, which is near to the inter-
face, has deformed plastically at t ¼ t1. As expected, larger ﬁnal
plastic strains occur in the distal layer made of the softer foam
(Fig. 10b).
The examples presented in this section reveal the propagation
of a simple compression wave which is an essential phenomenon
Table 5
Coefﬁcients related to Eq. (31); Cymat1: rintðeint1 Þ ¼ FrðV intðtÞÞ ¼ ðaþ bðV1  V2ÞÞc .
a [MPa] b [kg/m2 s] c
3.522682e+4 1.537235e+3 1.227248
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Fig. 9. Scenario 2: V0 = 75 m/s, L1 = 0.15 mm, q10 = 253 kg/m
3 and L2 = 0.0222 m,
q20 = 570 kg/m
3; (a) strain distributions at the end of Phase 1, t = 0.138  103 s; (b)
strain distributions at the end of Phase 2.
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material models assuming a RPPL mechanism with a pre-deﬁned
densiﬁcation strain (Ma and Ye, 2007), a wave of a strong
discontinuity cannot start propagating in the distal layer from the
interface at t = 0.(a) (
Interface
Fig. 10. Illustration of the strain distributions for Scenario 2, V0 = 75 m/s: L1 = 0.15 m, q
distributions, respectively.The rapid decrease of the layers interface velocity during the
ﬁrst phase of deformation results in the development of compac-
tion strains within the proximal layer, which can be signiﬁcantly
lower than the initial strains at the impacted end. Therefore, the
proposed approach gives a more accurate estimate of the energy
absorption of the proximal layer during the time interval
0 6 t 6 t1.
5.3. Scenario 3
Examples of two loading velocities are presented in this section
when analysing a double-layer conﬁguration comprising 0.15 m
thick proximal layer made of Cymat1 (q0 = 253 kg/m
3) and a
0.05 m thick distal layer made of Alporas (q0 = 245 kg/m
3).
Although these two materials have similar densities they differ
by their yield stresses and hardening characteristics as shown in
Fig. 1.
Consider ﬁrst a case when the double-layer foam block is
impinging a rigid wall at initial velocity V0 = 125 m/s. Since qua-
si-static yield stress of Alporas is higher than the corresponding
characteristic of Cymat1 the ﬁrst phase of the foam compaction
follows Scenario 1. The velocity–time history is shown in
Fig. 11a. It is observed that the compacted wave in the proximal
layer reaches the interface at velocity 110.68 m/s producing strains
of 0.64. This strain corresponds to the interface stress
rdCymat1ðt1Þ = 5.56 MPa in the proximal layer. Due to the signiﬁcant
strain hardening of Cymat1 foam, the solution of Eq. (20) for the
particular loading case does not possess values V2ðtþ1 Þ > 0, which
is necessary for the initiation of the secondary compaction in the
proximal layer. Therefore, the deformation of the double-layer
block continues to develop according to the mechanism described
by Eqs. (35) (Phase 2, Scenario 2) when compaction occurs only in
the distal layer with initial velocity V1ðtþ1 Þ = 110.68 m/s. The ﬁnal
strain distributions predicted by the analytical model and
numerical simulations are shown in Fig. 11b. The corresponding
maximum stresses that develop in the two foam layers according
to the analytical model are presented in Fig. 11c.
Consider next a case when the double-layer foam block with the
same layers arrangement is impinging a rigid wall at V0 = 75 m/s.
The ﬁrst phase of deformation develops according to the Phase 1
in Scenario 1. The compacted wave in the proximal layer reaches
the interface at velocity 53.04 m/s producing strains of e2ðt1 ;h2Þ =
0.46. This strain corresponds to the interface stress of rdCymat1 =
2.16 MPa and density of 468.52 kg/m3 of the Cymat1 foam near to
the layer interface. Anticipating a uniform density of the proximalb) 
10 = 253 kg/m
3 and L2 = 0.0222 m, q20 = 570 kg/m
3; (a and b) at t ¼ t1 and the ﬁnal
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shown in Fig. 12), the initial velocity of the secondary compaction
is obtained from Eq. (21) as V2ðtþ1 Þ = 6.32 m/s which is shown in
Fig. 13a. The subsequent deformation of the two layers during
t1 6 t 6 t2 is deﬁnedby thePhase2of Scenario1.At t ¼ t2 the second
deformation phase ceases and the compaction of the proximal layer
(Cymat1) ends. During the third deformation phase, t > t2, the distal
layer (Alporas) continues to deform according to Eqs. (38).
The three deformation phases are marked for the velocity histo-
ries in Fig. 13a. The qualitative difference between Phase 3 in Sce-
nario 1 and Phase 3 in the current example should be emphasised.
Figs. 4a and 13a visualise the response when only the proximal
layer deforms during the last deformation phase for Scenario 1
(Fig. 4a) while only the distal layer deforms in the current example
(Fig. 13a). This behaviour reﬂects the importance of the material
strain hardening characteristics and stress (and consequently the
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Fig. 14. Strain distributions (Lagrangian coordinate system) Scenario 1: V0 = 100 m/
s, L1 = 0.0222 m, q10 = 570 kg/m
3, L2 = 150 mm, t = 0.15  103 s.
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shown in Fig. 13b. A relatively small strain increase due to the sec-
ondary compaction is observed in the proximal layer near to the
layers interface while a narrow high strain compacted zone occurs
in the distal layer. Similarly to Scenario 1, a stress increase at the
layers interface is observed due to the secondary compaction of
the proximal layer (Fig. 13c).
The examples presented in this section show that not only the
quasi-static stress–strain relationship but also the dynamic
strength increase during deformation plays an important role in
the phenomenon observed at the layer interface. It is demonstrated
that for this layers arrangement a secondary compaction can occur
when decreasing the impact velocity, which is in contrast with
Scenario 1 where a secondary compaction occurs when increasing
the impact velocity.
5.4. General discussion
The analysis presented in Sections 5.1–5.3 shows that the use of
the actual stress–strain curves of the examined foam materials al-
lows revealing different phenomena at the layers interface. This is
in contrast with the analyses which use simpliﬁed material models
mainly based on the RPPL deformation mechanism. The latter
models can describe the successive compaction of the two layers
in the case of a low density proximal layer. However, no secondary
compaction can be predicted when using the RPPL model as a con-
stant predeﬁned strain is assumed during the entire deformation
process and no strains larger than the locking one can occur.
According to the RPPL model, the simultaneous compaction of
the layers comprising a double-layer foam block, which contains
a high density proximal layer, is described as a propagation of a
strong discontinuity waves (shock waves) in both layers simulta-
neously at t ¼ 0 which does not occur when analysing the impact
on foam materials with the actual stress–strain curve. The latter
difference in the predicted responses reveals that the use of a sim-
pliﬁed material model can lead to an incorrect prediction of the
compaction phenomenon.
The mechanisms of deformation of a double layer block based
on the RPPL material approximation can be related to some limit
cases while the currently proposed approach aims at the under-
standing the phenomena that occur at the layers interface when
the participating materials are represented by their actual stress–
strain curves. No restrictive conditions on the impact velocities
are required in order to apply the proposed models. Accordingly,
models that oversimplify the actual material stress–strain charac-
teristics not only overestimate the energy absorption capacity of
the foam (Karagiozova et al., 2012) but also do not allow to analyse
the complex response of layered foam materials to impact.
The observed variety of the dynamic responses of double layer
foam block to an impact loading reveals the signiﬁcance of the
strain hardening and the importance of considering this character-
istic in the analysis. In general, the actual quasi-static stress–strain
characteristics and dynamic stress enhancement of the participat-
ing foams are the factors which determine whether or not a stress
enhancement at the layers interface can arise.
It should be emphasised that the proposed approach to the
foam compaction neglects the elastic properties of the examined
foam. This assumption leads mainly to a simpliﬁcation of the wave
reﬂection from the layers interface in Scenarios 1 and 3. The
assumption of zero elastic strains implies that the precursor wave
carrying the static yield stress rY propagates at inﬁnite speed so
that the interface stress of the proximal layer at t ¼ 0 is equal to
rY . On the other hand, the corresponding particle velocity VY is
equal to zero so that no reﬂection from the interface boundary
occurs in the proximal layer during the ﬁrst deformation phase
according to the proposed model.Nevertheless, it can be demonstrated that the contribution of
the elastic strains to the reﬂected by the interface stresses and
strains is small, particularly for materials with strain hardening.
The latter conclusion can be veriﬁed by the results from the
numerical simulations. Impacts with V0 = 100 m/s are simulated
for Scenario 1 when the proximal layer is made of Cymat1 or
Alporas while the same material (Cymat2) is used for the distal
layer. Equal elastic moduli of E = 500 MPa are assumed for both
low density foams. Using the relationship c2 ¼ E=q0 the speeds of
the elastic waves are obtained as cCymat1 = 1405.8 m/s and
cAlporas = 1428 m/s. Consequently, the time for the elastic wave in
the proximal layer to reach the interface (t ¼ L2=c) is approxi-
mately 0.1 ms for L2 = 0.15 m. The corresponding particle velocities
VY are obtained as 1.32 m/s for Cymat1 and 4.48 m/s for Alporas
using the relationship rY ¼ q0cVY .
The strain distributions in the proximal layers made of Cymat1
and Alporas at t = 0.15 ms are presented in Fig. 14. One can see that
the presence of elastic strains contributes insigniﬁcantly to the re-
ﬂected strains near to the interface, particularly in the proximal
layer made of Cymat1; the maximum reﬂected strain in the Alpo-
ras layer is 0.035. The reﬂected wave causes a smaller strain in-
crease in the Cymat layer due to the low particle velocity VY and
considerable strain hardening comparing to Alporas. Making use
of the unique stress–strain relationship, the maximum reﬂected
stress in the Alporas layer is obtained as rAlporas = 1.59 MPa while
the quasi-static yield stress of this material is 1.57 MPa. It should
be emphasised that a strong discontinuity reﬂected wave can be
initiated neither in Alporas nor in Cymat1. This is in contrast with
the concept of compaction of cellular materials when using the
simpliﬁed RPPL material model, which predicts strong discontinu-
ity wave with strains equal to the predeﬁned densiﬁcation strain
for any velocity including the reﬂected waves (Harrigan et al.,
2005). The results shown in Fig. 14 verify the assumption that
the elastic strains can be neglected without a risk of altering the
predicted phenomena or a signiﬁcant loss of the model accuracy.
The discussed conditions in Sections 5.1–5.3 to observe
different phenomena at the layers interface can be used for the
interpretation of the compaction of layered structures with
piecewise varying material densities.6. Conclusions
The mechanism of deformation of double-layer foam blocks
with different layer conﬁgurations subjected to impact is the ob-
ject of the present analysis. It is assumed that the considered class
of foam materials can be modelled as a homogeneous material
which exhibits strain hardening and the elastic strain can be ne-
glected. The uniqueness of the stress–strain relationship allowed
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Fig. A1. Velocity distributions, VðxÞ, within the deformed part of the distal layer,
V0 = 75 m/s and 125 m/s, n = 2.
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propagation in a foam block when assuming double-layer conﬁgu-
rations. The compaction of the individual foam layers under an
increasing and decreasing velocity is distinguished. The models
of compaction are based on the propagation of a simple compres-
sion wave and an unloading wave through the foam when no
assumption for a pre-deﬁned densiﬁcation strain is made.
Numerical simulations are carried out to verify the proposed
semi-analytical models. The observed reasonable agreement with
the FE numerical results suggests that the proposed analytical for-
mulation can capture the essential features of the foam compac-
tion for the analysed impact scenarios.
Complex patterns of compactions are revealed depending on
the sequence of layers. It is demonstrated that the level of compac-
tion strongly depends on the material properties and current
velocity. Moreover, it is shown that a secondary compaction of
the foam layer is possible at the layers interface when a particular
layer sequence is arranged. This phenomenon can cause a signiﬁ-
cant increase of the maximum stress at the layers interface, which
can be undesirable for some applications.
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Appendix A. Velocity of the distal end of the foam block during
Phase 1, Scenario 2
Consider the energy rate balance of the distal layerdV1
dt
¼ r02½ðV1 þ V2Þcpt=6þ u3KðtÞ=q10=½q20ðL2  ðu2 þ h2  u3ÞÞ þ ½ðV
2
1=4 V1V2=6Þ  V22=12cp
ðV1L1  cptV3=2Þ þ V2cpt þ u3KðtÞ=q10
ðA5Þ_KðtÞ þ _DðtÞ ¼ 0 ðA1Þ
where K and D are the kinetic deformation energy per unit area,
respectively. It is assumed that the deformation energy is entirely
plastic.
K ¼ 1
2
q10V
2
1ðL1  lÞ þ
1
2
q10
Z l
0
VðxÞ2dx ðA2aÞD ¼ rintu3 ðA2bÞ
The ﬁrst term of Eq. (A2a) represents the kinetic energy of the
undeformed part of the layer and the second part corresponds to
the deformed part. The particle velocity, VðxÞ, within the deformed
part adjacent to the layers interface with length lðtÞ has a non-lin-
ear distribution varying between V2 (the velocity of the interface)
and V1 (the velocity of the undeformed part) which is assumed to
be in the form
VðxÞ ¼ V2 þ ðV1  V2Þðx=lÞ1=n; n > 1 ðA3Þ
in order to facilitate an analytical expression of the governing equa-
tion for V1. Then the kinetic energy is expressed as
K ¼ 1
2
q10 V
2
1L1 
2V1ðV1  V2Þl
ðnþ 1Þ þ
2V23l
ðnþ 1Þðnþ 2Þ
( )
ðA4Þ
Since no shock wave is formed, the length of the deformed part
of the distal layer is deﬁned by the speed of the plastic wave at
t ¼ 0 so that l ¼ cpt and _l ¼ cp, where cp ¼ cEð0Þ.Examples of the velocity distributions within the deformed part
of the distal layer, VðxÞ, resulted from the numerical simulations
and according to Eq. (B3) with n = 2 are presented in Fig. A1 for im-
pact velocities of 75 and 125 m/s. The dashed lines represent the
velocity variation according to Eq. (A3), which gives a reasonable
approximation of the numerically obtained VðxÞ. Therefore n = 2
is assumed in the further derivation.
Substituting the time derivatives from Eqs. (A2b) and (A4) into
Eq. (A1) the following equation with respect to velocity V1 is
obtainedwhere KðtÞ ¼ acðb=aÞcð1þ ðV1  V2Þðb=aÞÞðc1Þ when taking into ac-
count the expression rintðtÞ ¼ ðaþ bðV1  V2ÞÞc (see Table 5),
which is valid for a particular distal layer material, in this case,
Cymat with density q20 = 253 kg/m
3. Materials with other stress–
strain characteristics require the corresponding approximations
of rintðtÞ to be used in order to obtain Eq. (A5).References
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